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A PERIODICITY THEOREM
FOR ACYLINDRICALLY HYPERBOLIC GROUPS
OLEG BOGOPOLSKI
Abstract. We generalize a well known periodicity lemma from the case
of free groups to the case of acylindrically hyperbolic groups. This gen-
eralization will be used later to describe solutions of certain equations in
acylindrically hyperbolic groups and to characterize verbally closed finitely
generated acylindrically hyperbolic subgroups of finitely presented groups.
1. Introduction
1.1. The main result. Let A be an alphabet and u, v be two words in the
free monoid A∗. The word v is called a period of u if there exists n > 1 such
that vn is an initial subword of u and u is an initial subword of vn+1. The
length of u in the alphabet A is denoted by |u|.
The following periodicity lemma is a kind of folklore that was known to re-
searchers working in such areas as combinatoric of words and Burnside prob-
lems in 1960’s or earlier.
Lemma 1.1. (Periodicity lemma) Let z be a word in a free monoid A∗.
If z has periods u and v such that |z| > |u| + |v|, then z has a period w
such that u = ws and v = wt for some s, t ∈ Z.
Let Fr be the free group of rank r and let F
n
r be its subgroup generated by
all n-th powers. The group Br(n) = Fr/F
n
r is called the free Burnside group
of rank r and exponent n. In 1968, Novikov and Adian solved the bounded
Burnside problem by proving that Br(n) is infinite for r > 2 and odd n > 4381
(see [17] and further development in [1, 18, 19, 14, 15, 10]). In the proof they
use the notion of periods (of ranks n ∈ N) and the existence of p-aperiodic
infinite words, i.e. words which do not contain a finite subword of the form up.
Explicitly, Lemma 1.1 can be found in the book of Adian [1] (see statement
2.3 in Chapter I there). In its optimal form, which we do not present here,
this lemma was proved by Fine and Wilf in [12]. The usefulness of this lemma
in the study of equations in (semi)groups is pointed out in [3, Section 5.4].
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We reformulate Lemma 1.1 for free groups in the form which enables to see
an analogy with our Theorem 1.4.
Lemma 1.2. (reformulation of Lemma 1.1) Let a, b be two cyclically reduced
words in the free group F with basis X. If the bi-infinite words L(a) =
. . . aaa . . . and L(b) = . . . bbb . . . have a common subword of length |a| + |b|,
then some cyclic permutations of a and b are powers of some word c.
L(a)
a
a a a a
a
L(b)
b
b b b b b b
b
Fig. 1. Illustration to Lemma 1.2.
The main result of this paper, Theorem 1.4, generalizes this theorem to the
case of acylindrically hyperbolic groups.
The class of acylindrically hyperbolic groups was defined by Osin in [20]
(see Definition 2.9 below), see papers [20, 21, 9] for historical aspects, proper-
ties and examples. This class includes non-(virtually cyclic) groups that are
hyperbolic relative to proper subgroups, groups of deficiency at least 2, all
but finitely many mapping class groups, Out(Fn) for n > 2, non-(virtually
cyclic) groups acting properly on proper CAT(0)-spaces and containing rank-
one elements, non-cyclic directly indecomposable right-angled Artin groups;
see more examples in the survey of Osin [21].
To formulate the main result, we need some notions.
Definition 1.3. Let Y be a generating set of a group G. Given two elements
x, a ∈ G, we consider the bi-infinite path L(x, a) in the Cayley graph Γ(G, Y )
obtained by connecting consequent points . . . , xa−1, x, xa, . . . by geodesic seg-
ments so that, for all n ∈ Z, the segment pn connecting xa
n and xan+1 has
the same label as the segment p0 connecting x and xa. The paths pn are
called a-periods of L(x, a). For a subpath p ⊂ L(x, a) and a number k ∈ N,
we say that the path p contains k a-periods if there exists n ∈ Z such that
pnpn+1 . . . pn+k−1 is a subpath of p. The vertices xa
n, n ∈ Z, are called the
phase vertices of L(x, a).
Let G be a group and X a generating set of G. Suppose that the Cayley
graph Γ(G,X) is hyperbolic and that G acts acylindrically on Γ(G,X). In [5]
Bowditch proved that the infimum of stable norms (see Section 2) of all loxo-
dromic elements of G with respect to X is a positive number. We denote this
number by inj(G,X) and call it the injectivity radius of G with respect to X .
3Theorem 1.4. Let G be a group and X a generating set of G. Suppose that the
Cayley graph Γ(G,X) is hyperbolic and that G acts acylindrically on Γ(G,X).
Then there exists a constant C > 0 such that the following holds.
Let a, b ∈ G be two loxodromic elements which are shortest in their conju-
gacy classes and such that |a|X > |b|X . Let x, y ∈ G be arbitrary elements and
r an arbitrary non-negative integer. We set f(r) = 2r
inj(G,X)
+ C.
If a subpath p ⊂ L(x, a) contains at least f(r) a-periods and lies in the r-
neighborhood of L(y, b), then there exist s, t 6= 0 such that (x−1y)bs(y−1x) = at.
In particular, a and b are commensurable.
. . .
. . . . . .
. . .x
a a
y
b b b
L(x, a)
L(y, b)
p
Fig. 2. Illustration to Theorem 1.4.
Observe that if G is a free group, then we can take f(0) = 2 as follows from
Lemma 1.2.
Remarks. The main issue of Theorem 1.4 is that the function f is linear
and does not depend on |a|X and |b|X . Another point is that X is allowed to
be infinite. Analogous theorem can be also formulated and proved for groups
that act acylindrically on hyperbolic spaces (not necessarily on their Cayley
graphs).
A version of Theorem 1.4 (for r smaller than some constant) is contained in
the paper of Coulon [8, Proposition 3.44]. Periods were also used by Delzant
and Steenbock in [11] for studying the product set growth in groups and
hyperbolic geometry.
1.2. Applications of the main result. In [4], we use Theorem 1.4 to de-
scribe solutions of certain equations in acylindrically hyperbolic groups and
to characterize finitely generated verbally closed acylindrically hyperbolic sub-
groups of finitely presented groups. Below we formulate some of these results.
The last one, Corollary 1.9, solves a problem of Myasnikov and Roman’kov
(see Problem 5.2 in [16]).
We recall some definitions; see more details in Section 2. Suppose that G
is a group acting acylindrically on a hyperbolic space. Then any loxodromic
element g ∈ G is contained in a unique maximal virtually cyclic subgroup
EG(g) of G [9, Lemma 6.5]. This subgroup is called the elementary subgroup
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associated with g. An element g ∈ G is called special if it is loxodromic and
EG(g) = 〈g〉. Two elements a, b ∈ G of infinite order are called commensurable
if there exist g ∈ G and s, t ∈ Z \ {0} such that as = g−1btg; see other
definitions in Section 2.
Corollary 1.5. ([4, Corollary 2.8]) Let G be an acylindrically hyperbolic
group with respect to a generating set S. Suppose that a, b ∈ G are two
non-commensurable special elements (with respect to S). Then there exists
a number ℓ = ℓ(a, b) ∈ N such that for all n,m ∈ ℓN, n 6= m, the equation
xnym = anbm is perfect, i.e. any solution of this equation in G is conjugate to
(a, b) by a power of anbm.
Definition 1.6. (see [16, Definition 1.1]) A subgroup H of a group G is called
verbally closed in G if for any word W in variables x1, . . . , xn, n ∈ N, and any
element h ∈ H the following holds: if the equation W (x1, . . . , xn) = h has a
solution in G, then it has a solution in H .
Theorem 1.7. ([4, Theorem 2.2]) Suppose that G is a finitely presented group
and H is a finitely generated acylindrically hyperbolic subgroup of G such that
H does not normalise a nontrivial finite subgroup of H. Then H is verbally
closed in G if and only if H is a retract of G.
Recall that a group H is called equationally noetherian if every system of
equations with constants from H and a finite number of variables is equivalent
to a finite subsystem, see [2]. We say that a group G is finitely generated over
a subgroup H if there exists a finite subset A ⊂ G such that G = 〈A,H〉.
Theorem 1.8. ([4, Theorem 2.4]) Let G be a group that is finitely generated
over a subgroup H. Suppose that H is equationally noetherian, acylindrically
hyperbolic, and without a nontrivial finite normal subgroup. Then H is verbally
closed in G if and only if H is a retract of G.
Corollary 1.9. ([4, Corollary 2.6]) (Solution to Problem 5.2 in [16])
Let G be a hyperbolic group. Suppose that H is a subgroup of G that does not
have nontrivial finite normal subgroups and is not isomorphic to D∞. Then
H is verbally closed in G if and only if H is a retract of G.
The structure of this paper is the following. Section 2 contains definitions
and known results. In Section 3 we define a composition of two 4-gons. Sec-
tion 4 contains a lemma, which is used in Section 5. In Section 5 we give a
proof of a weak version of Theorem 1.4, i.e. a version, where f(r) is, possibly,
a non-linear function. In Section 6 we give a proof of Theorem 1.4.
All actions are assumed to be isometric in this paper. All generating sets
considered in this paper are assumed to be symmetric, i.e. closed under taking
inverse elements.
52. Preliminaries
2.1. General notation. Let G be a group generated by a subset X . For
g ∈ G let |g|X be the length of a shortest word in X representing g. The
corresponding metric on G is denoted by dX (or by d if X is clear from the
context); thus dX(a, b) = |a
−1b|X . The right Cayley graph of G with respect
to X is denoted by Γ(G,X). By a path p in the Cayley graph we mean a
combinatorial path consisting of edges; the initial and the terminal vertices of
p are denoted by p− and p+, respectively. The path inverse to p is denoted by
p. The label of p is denoted by Lab(p); we stress that the label is a formal
word in the alphabet X . The length of p is denoted by ℓ(p). Given two
vertices a, b in Γ(G,X), we denote by [a, b] any geodesic path p in Γ(G,X)
with p− = a and p+ = b.
Recall that a path p in Γ(G,X) is called (κ, ε)-quasi-geodesic for some
κ > 1, ε > 0, if
d(q−, q+) >
1
κ
ℓ(q)− ε
for any finite subpath q of p.
2.2. Hyperbolic spaces. Recall that a metric space X is called δ-hyperbolic
if it is geodesic and every geodesic triangle in X is δ-slim, i.e. each of the sides
of this triangle is contained in the δ-neighborhood of the union of the other
two sides (see [6, Chapter III.H, Definition 1.1]). The following lemma follows
straightforward from this definition.
Lemma 2.1. Each side of a geodesic quadrangle in a δ-hyperbolic space lies
in 2δ-neighborhood of the union of the other three sides.
We will often use the constant µ defined in the following lemma.
Lemma 2.2. (see [6, Chapter III.H, Theorem 1.7]) For all δ > 0, κ > 1,
ǫ > 0, there exists a constant µ = µ(δ,κ, ǫ) with the following property:
If X is a δ-hyperbolic space, p is a (κ, ǫ)-quasi-geodesic in X, and [x, y]
is a geodesic segment joining the endpoints of p, then the Hausdorff distance
between [x, y] and the image of p is less than µ.
Corollary 2.3. Let X be a δ-hyperbolic space, let p and q be (κ, ǫ)-quasi-
geodesics in X with max{d(p−, q−), d(p+, q+)} 6 r, and let µ = µ(δ,κ, ǫ) be
the constant from Lemma 2.2. Then the following holds.
(1) The Hausdorff distance between the images of p and q is less than
r + 2(δ + µ).
(2) If A ∈ p is a point with d(A, {p−, p+}) > r+2δ+µ, then A lies in the
2(δ + µ)-neighborhood of q.
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Proof. (1) By Lemma 2.1, the Hausdorff distance between the geodesics
[p−, p+] and [q−, q+] is at most (r+2δ). By Lemma 2.2, the Hausdorff distance
between p and [p−, p+] (respectively, between q and [q−, q+]) is less than µ.
Adding up, we obtain statement (1).
(2) LetQ be a geodesic quadrangle with vertices q−, p−, p+, q+. The side ofQ
with endpoints u and v is denoted by [u, v]. Since p lies in the µ-neighborhood
of [p−, p+], there exists a point B ∈ [p−, p+] such that d(A,B) 6 µ. Then
d(B, p−) > d(A, p−)− d(A,B) > (r + 2δ + µ)− µ = r + 2δ. Hence
d(B, [q−, p−]) > d(B, p−)− d(p−, q−) > (r + 2δ)− r = 2δ.
Analogously d(B, [q+, p+]) > 2δ. By Lemma 2.1 applied to Q, we have
d(B, [q−, q+]) 6 2δ. Then d(A, [q−, q+]) 6 µ + 2δ. Since [q−, q+] lies in the
µ-neighborhood of q, we have d(A, q) 6 2µ+ 2δ. ✷
Lemma 2.4. (see [6, Chapter III.H, Theorem 1.13]) Let X be a δ-hyperbolic
geodesic space and let p : [a, b] → X be a (8δ + 1)-local geodesic. Then the
following holds:
(1) im(p) is contained in the 2δ-neighbourhood of any geodesic segment
[p(a), p(b)] connecting its endpoints,
(2) [p(a), p(b)] is contained in the 3δ-neighborhood of im(p), and
(3) p is a (3, 2δ)-quasi-geodesic.
The following definition will help us to shorten the forthcoming proofs.
Definition 2.5. For a, b, c ∈ R, we write a ≈c b if |a − b| 6 c. Note that
a ≈c b and b ≈c1 d imply a ≈c+c1 d.
Lemma 2.6. Let p be a (κ, ǫ)-quasi-geodesic in a δ-hyperbolic metric space X
and let µ = µ(δ,κ, ǫ) be the constant from Lemma 2.2. For every three points
A,B,C ∈ p such that B lies on a subpath of p with endpoints A and C we
have that d(A,C) ≈2µ d(A,B) + d(B,C).
Proof. By Lemma 2.2, there exists a point B′ ∈ [A,C] such that d(B,B′) 6
µ. Then the statement follows from d(A,C) = d(A,B′) + d(B′, C) and
d(A,B′) ≈µ d(A,B), and d(B
′, C) ≈µ d(B,C). ✷
2.3. Definitions of acylindrically hyperbolic groups. First we recall a
definition of an acylindrical action of a group on a metric space.
Definition 2.7. (see [5] and Introduction in [20]) An action of a group G on
a metric space X is called acylindrical if for every ε > 0 there exist R,N > 0
such that for every two points x, y with d(x, y) > R, there are at most N
elements g ∈ G satisfying
d(x, gx) 6 ε and d(y, gy) 6 ε.
7For Cayley graphs, the acylindricity condition can be rewritten as follows:
Definition 2.8. Let G be a group and X be a generating set of G. The
natural action of G on the Cayley graph Γ(G,X) is called acylindrical if for
every ε > 0 there exist R,N > 0 such that for any g ∈ G of length |g|X > R
we have ∣∣{f ∈ G | |f |X 6 ε, |g−1fg|X 6 ε}
∣∣ 6 N.
Recall that an action of a group G on a hyperbolic space S is called ele-
mentary if the limit set of G on the Gromov boundary ∂S contains at most 2
points.
Definition 2.9. (see [20, Definition 1.3]) A group G is called acylindrically
hyperbolic if it satisfies one of the following equivalent conditions:
(AH1) There exists a generating set X of G such that the corresponding
Cayley graph Γ(G,X) is hyperbolic, |∂Γ(G,X)| > 2, and the natural
action of G on Γ(G,X) is acylindrical.
(AH2) G admits a non-elementary acylindrical action on a hyperbolic space.
In the case (AH1), we also write that G is acylindrically hyperbolic with
respect to X .
2.4. Elliptic and loxodromic elements in acylindrically hyperbolic
groups. Given a groupG acting on a metric space X by isometries, an element
g ∈ G is called elliptic if some (equivalently, any) orbit of g is bounded, and
loxodromic if the map Z → X defined by n 7→ gn(x) is a quasi-isometric
embedding for some (equivalently, any) x ∈ X. Even in the case of groups
acting on hyperbolic spaces, there may be other types of actions (see [13,
Section 8.2] and [20, Section 3]).
Let X be a generating set of G. An element g ∈ G is called loxodromic
(elliptic) with respect to X if g is loxodromic (elliptic) for the left action of
G on the Cayley graph Γ(G,X). In other words, g ∈ G is loxodromic with
respect to X if and only if there exist η > 0 and ν > 0 such that |gn|X > ηn−ν
for all n ∈ N.
Equivalently, an element g ∈ G is loxodromic with respect to X if the path
L(1, g) in Γ(G,X) is a (κ, ǫ)-quasi-geodesic for some κ > 1 and ǫ > 0.
Recall that the stable norm of an element g ∈ G with respect to X is
defined as
||g||X = lim
n→∞
|gn|X
n
,
see [7]. This limit exists since the function f : N → N ∪ {0}, n 7→ |gn|X , is
subadditive. The following lemma is quite trivial.
Lemma 2.10. The stable norm satisfies the following properties.
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(1) |g|X > ||g||X = inf
n∈N
|gn|X
n
.
(2) ||y−1gy||X = ||g||X for any y ∈ G.
(3) ||gk||X = |k| · ||g||X for any k ∈ Z.
Lemma 2.11. (see [5, Lemma 2.2]) Let X be a generating set of a group G.
If the Cayley graph Γ(G,X) is hyperbolic and G acts acylindrically on Γ(G,X),
then each element of G is either elliptic or loxodromic with respect to X.
Moreover, there exists τ > 0 such that the stable norm of any loxodromic
element of G is at least τ .
Corollary 2.12. Let G be a group and let X be a generating set of G. Suppose
that the Cayley graph Γ(G,X) is δ-hyperbolic and that G acts acylindrically
on Γ(G,X). Then there exist κ0 > 1 and ǫ0 > 0 such that the following holds:
If an element g ∈ G is loxodromic and shortest in its conjugacy class, then
the quasi-geodesic L(1, g) associated with g is a (κ0, ǫ0)-quasi-geodesic.
Proof. We consider two cases.
Case 1. Suppose that |g|X > 8δ + 1.
Since g is shortest in its conjugacy class, the path L(1, g) is a (8δ+1)-local
geodesic. Then, by Lemma 2.4, L(1, g) is a (3, 2δ)-quasi-geodesic.
Case 2. Suppose that |g|X < 8δ + 1.
By Lemmas 2.10 (1) and 2.11, there exists a constant τ > 0 which does not
depend on g and such that |gn|X > nτ for any n ∈ N. In particular.
8δ + 1 > |g|X > τ. (2.1)
We prove that L(1, g) is a (σ, ε)-quasi-geodesic for σ = 8δ+1
τ
and ε = 4(8δ+1).
Let p be a subpath of L(1, g). If p does not contain phase vertices of L(1, g),
then p is a geodesic path, and hence a (1, 0)-quasi-geodesic. Suppose that p
contains at least one phase vertex of L(1, g). Let q be the maximal subpath
of p such that q− = g
i and q+ = g
i+n for some i ∈ Z and n ∈ N ∪ {0}. Then
dX(p−, p+) > dX(q−, q+)− 2|g|X
= |gn|X − 2|g|X
> nτ − 2|g|X
> 1
σ
n|g|X − 2|g|X
>
1
σ
(ℓ(p)− 2|g|X)− 2|g|X >
1
σ
ℓ(p)− ε,
since
( 1
σ
+ 1)2|g|X = (
τ
8δ+1
+ 1)2|g|X
(2.1)
< 4(8δ + 1) = ε.
Thus, L(1, g) is a (σ, ε)-quasi-geodesic in this case.
9In both cases L(1, g) is a (κ0, ǫ0)-quasi-geodesic for κ0 = max{3, σ} and
ǫ0 = 4(8δ + 1). ✷
Recall that any loxodromic element g in an acylindrically hyperbolic group
G is contained in a unique maximal virtually cyclic subgroup EG(g) of G,
see [9, Lemma 6.5]. This subgroup is called the elementary subgroup associated
with g; it can be described as follows (see [9, Corollary 6.6]):
EG(g) = {f ∈ G | ∃n ∈ N : f
−1gnf = g±n}.
The centralizer of g in G, denoted by CG(g), is contained in EG(g).
3. Composition of 4-gons
With the term n-gon in Γ(G,X), we mean an ordered sequence of paths
p1, . . . , pn in Γ(G,X) such that (pi)+ = (pi+1)− for i = 1, . . . , n − 1, and
(pn)+ = (p1)−. The paths pi are called sides of this n-gon. Thus, the sides are
not necessarily geodesics, and they can intersect each other.
Given a 4-gon P = p1p2p3p4, we say that p1, p2, p3 and p4 are the left, the
top, the right, and the bottom sides of P , respectively. By L(P ), T(P ), R(P ),
B(P ) denote the elements of G corresponding to the labels of the left, top,
right, and bottom sides of P .
Let P = p1p2p3p4 and Q = q1q2q3q4 be two 4-gons in Γ(G,X) such that
their top sides have the same label. Then there exists a unique element g ∈ G
such that g(q2) = p2. Consider the 4-gon g(Q) = r1r2r3r4, where ri = g(qi).
Since the top sides of P and g(Q) coincide, we can glue these polygons along
their top sides and obtain a new 4-gon S = (p1r1)r4(r3p3)p4 in Γ(G,X). In
particular, p1r1 is the left side of S. We say that S is the composition of P
and Q and denote S by P ◦Q, see Fig. 3.
p1
p2
p3
p4
q1
q2
q3
q4
p1 p3
p4
p2 = r2
r1 r3
r4
◦ =
Fig. 3. Composition of two 4-gons.
Let ψ : Q→ P ◦Q be the label preserving map which sends v to gv for any
vertex v of Q. We call ψ the translation map for the pair (P,Q).
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4. Auxiliary lemma
Let b ∈ G. We say that a quasi-geodesic path P in Γ(G,X) is b-periodic if
P = L(x, b) for some x ∈ G.
Lemma 4.1. Let G be a group and X a generating set of G. Suppose that the
Cayley graph Γ(G,X) is hyperbolic and that G acts acylindrically on Γ(G,X).
Then there is a function K : N ∪ {0} → N such that the following holds.
Let b ∈ G be an element that is loxodromic (with respect to X) and shortest
in its conjugacy class. Let P and Q be two b-periodic quasi-geodesic paths in
Γ(G,X) and r a non-negative integer. Suppose that p and q are finite subpaths
of P and Q such that
max{d(p−, q−), d(p+, q+)} 6 r,
and p and q contain at least K(r) b-periods of P and Q, respectively. Then
for any phase vertices B ∈ P and A ∈ Q, the element A−1B centralizes a
nontrivial power of b.
Proof. First we define some constants which we use in the proof.
• We fix δ > 0 such that the Cayley graph Γ(G,X) is δ-hyperbolic.
• By Corollary 2.12, there exist universal constants κ0 > 1 and ǫ0 > 0
such that the paths P and Q are (κ0, ǫ0)-quasi-geodesic.
• Let µ = µ(δ,κ0, ǫ0) be the constant from Lemma 2.2.
• We set ε := 6r + 24µ+ 8δ. Let R = R(ε) and N = N(ε) be constants
from Definition 2.8. We may assume that N is a positive integer. We
also set S := ⌈κ0(R + ǫ0)⌉ and define
K(r) = S +N + 1.
We show that K(r) is the desired number. Thus, suppose that p and q
contain at least K(r) b-periods of P and Q, respectively. Let B0 be the
leftmost phase vertex of P lying in p and let A0 be the leftmost phase vertex
of Q lying in q (see Fig. 4). By assumption, the vertices Bj := B0b
j and
Aj := A0b
j , 0 6 j 6 K(r), are phase vertices lying on p and q, respectively.
Let u be the segment of p from p− to B0, and let v be the segment of q from
q− to A0. Without loss of generality we assume that ℓ(u) > ℓ(v). Note that
ℓ(u) < |b|X .
For 1 6 i 6 K(r), let Ci be the vertex on [Bi−1, Bi] such that d(Ci, Bi) =
ℓ(u)− ℓ(v). This definition implies the following claim.
Claim 1. The element C−1i Bi does not depend on i.
11
p− p+
q− q+
B0 Bi
A0 Ai
A′iCi
u
v
Fig. 4. Illustration to Claims 1 and 2.
Claim 2. d(Ai, Ci) 6 ε/2.
Proof. By Lemma 2.6, we have
d(p−, Bi) ≈2µ d(p−, B0) + d(B0, Bi) = d(B0, Bi) + ℓ(u)
and
d(p−, Bi) ≈2µ d(p−, Ci) + d(Ci, Bi) = d(p−, Ci) + ℓ(u)− ℓ(v).
Therefore
d(p−, Ci) ≈4µ d(B0, Bi) + ℓ(v).
On the other hand
d(q−, Ai) ≈2µ d(q−, A0) + d(A0, Ai) = d(A0, Ai) + ℓ(v) = d(B0, Bi) + ℓ(v).
Therefore
d(p−, Ci) ≈6µ d(q−, Ai). (4.1)
Since max{d(p−, q−), d(p+, q+)} 6 r, there exists a vertex A
′
i ∈ p such that
d(Ai, A
′
i) 6 r + 2µ+ 2δ
(see Corollary 2.3). Considering any geodesic 4-gon with vertices p−, A
′
i, Ai,
q−, we obtain
|d(p−, A
′
i)− d(q−, Ai)| 6 d(p−, q−) + d(Ai, A
′
i) 6 r + (r + 2µ+ 2δ),
i.e.
d(p−, A
′
i) ≈2(r+µ+δ) d(q−, Ai). (4.2)
It follows from (4.1) and (4.2) that
|d(p−, Ci)− d(p−, A
′
i)| 6 2r + 8µ+ 2δ. (4.3)
On the other hand, by Lemma 2.6, we have
d(p−, Ci)− d(p−, A
′
i) ≈2µ d(Ci, A
′
i)
if Ci lies on p to the right of A
′
i and
d(p−, A
′
i)− d(p−, Ci) ≈2µ d(Ci, A
′
i)
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if A′i lies on p to the right of Ci. In each of these cases, we deduce from (4.3)
that
d(Ci, A
′
i) 6 2r + 10µ+ 2δ.
Finally, d(Ci, Ai) 6 d(Ci, A
′
i) + d(A
′
i, Ai) 6 3r + 12µ+ 4δ = ε/2. ✷
Recall that S := ⌈κ0(R + ǫ0)⌉. For i = 1, . . . , K(r) − S, we consider the
4-gons Pi = p1,ip2,ip3,ip4,i, where p1,i is a geodesic from Ai to Bi, p2,i is the
subpath of p from Bi to Bi+S, p3,i is a geodesic from Bi+S to Ai+S, and p4,i is
the subpath of q¯ from Ai+S to Ai.
Since the top sides of P1 and Pi have the same labels, we can build the
composition P1 ◦ Pi.
Claim 3. For 1 6 i 6 K(r)− S the following hold.
(a) T(P1 ◦ Pi) = b
S and B(P1 ◦ Pi) = b
S.
(b) |L(P1 ◦ Pi)|X 6 ε and |R(P1 ◦ Pi)|X 6 ε.
Proof. Statement (a) follows from definition. We prove (b). Using Claim 1,
we deduce
L(P1 ◦ Pi) = L(P1)(L(Pi))
−1
= (A−11 B1)(A
−1
i Bi)
−1
= (A−11 C1)(C
−1
1 B1)(B
−1
i Ci)(C
−1
i Ai)
= (A−11 C1)(C
−1
i Ai).
Hence, by Claim 2, we have
|L(P1 ◦ Pi)|X 6 d(A1, C1) + d(Ai, Ci) 6 ε.
Analogously, we have |R(P1 ◦ Pi)|X 6 ε. ✷
Since G is acylindrically hyperbolic with respect to X and
|bS|X >
1
κ0
S|b|X − ǫ0 >
1
κ0
S − ǫ0 > R,
it follows from Claim 3 that the number of elements L(P1 ◦ Pi), where i runs
from 1 to K(r)− S = N + 1, is at most N . Therefore there are different k, l
such that
L(Pk) = L(Pl). (4.4)
We denote this element by z. We have
z = A−1k Bk
(4.4)
= A−1l Bl = (A
−1
l Ak)(A
−1
k Bk)(B
−1
k Bl) = b
k−lzbl−k,
hence z centralizes bk−l.
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Finally, suppose that A and B are arbitrary phase vertices of Q and P,
respectively. Then A−1k A and B
−1
k B lie in 〈b〉. It follows that A
−1B also
centralizes bk−l. ✷
5. A weak version of Theorem 1.4
We show that Theorem 1.4 is valid for the following (possibly nonlinear)
function F (r) instead of f(r):
F (r) = κ0
(
K(2r) + (ǫ0 + 2r + 2)
)
+ 1, (5.1)
where κ0 and ǫ0 are the numbers from Corollary 2.12 and K is the function
from Lemma 4.1. Increasing κ0 and ǫ0, we may assume that these numbers
are integers. Thus, F (r) ∈ N for r ∈ N ∪ {0}.
Lemma 5.1. Let G be a group and X a generating set of G. Suppose that the
Cayley graph Γ(G,X) is hyperbolic and that G acts acylindrically on Γ(G,X).
Then the following holds.
Let a, b ∈ G be two loxodromic elements which are shortest in their conju-
gacy classes and such that |a|X > |b|X . Let x, y ∈ G be arbitrary elements and
r an arbitrary non-negative integer.
If a subpath p ⊂ L(x, a) contains at least F (r) a-periods and lies in the r-
neighborhood of L(y, b), then there exist s, t 6= 0 such that (x−1y)bs(y−1x) = at.
Proof. Let A0, . . . , AF (r), . . . be the consequent phase vertices of L(x, a)
lying on p. By assumption, for each 0 6 i 6 F (r), there exists a vertex
Ci ∈ L(y, b) such that d(Ai, Ci) 6 r. Let mi be the minimal integer such
that Ci lies on the subpath [yb
mi−1, ybmi] of L(y, b). We denote Di = yb
mi .
Thus, Di is the nearest phase vertex of L(y, b) which lies to the right of Ci
(see Fig. 5).
A0 Af(r)−1
C0 Cf(r)−1D0
ψ(D1)ψ(C1) ψ(Cf(r))
a
b
b
L(x, a) :
L(y, b) :
Fig. 5. Illustration to the proof of Lemma 5.1.
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For i = 0, 1, we consider the 4-gonQi = q1,iq2,iq3,iq4,i, where q1,i is a geodesic
from Ci to Ai, q2,i is the subpath of L(x, a) from Ai to Ai+F (r)−1, q3,i is a
geodesic from Ai+F (r)−1 to Ci+F (r)−1, and q4,i is the subpath of L(y, b) from
Ci+F (r)−1 to Ci.
Since the top sides of Q0 and Q1 have the same label (representing the
element aF (r)−1), the composition Q0 ◦ Q1 is defined. Let ψ : Q1 → Q0 ◦ Q1
be the translation map (see Section 3) for the pair (Q0,Q1). The map ψ is
determined by the element g ∈ G such that A0 = gA1. We have A0 = xa
i and
A1 = xa
i+1 for some i. Then g = A0A
−1
1 = xa
−1x−1.
Claim.
1) The bottom and the top sides of Q0 ◦Q1 are parts of b-periodic quasi-
geodesics L(y, b) and (xa−1x−1)L(y, b), respectively.
2) The length of the left and of the right sides of the 4-gon Q0 ◦ Q1 is at
most 2r.
3) The bottom and the top sides of Q0 ◦ Q1 contain at least K(2r)
b-periods.
Proof. Statement 1) follows from definition.
2) The length of the left side of Q0 ◦ Q1 equals the sum of lengths of the
left sides of Q0 and Q1, i.e. is equal to d(C0, A0) + d(C1, A1) 6 2r.
3) Let N be the number of b-periods on the bottom side q4,0. We have
(N + 2)|b|X > ℓ(q4,0) > d(C0, CF (r)−1)
> d(A0, AF (r)−1)− d(C0, A0)− d(CF (r)−1, AF (r)−1)
> d(A0, AF (r)−1)− 2r
>
1
κ0
(F (r)− 1)|a|X − ǫ0 − 2r.
This implies
N >
1
κ0
(F (r)−1)
|a|X
|b|X
− (ǫ0+2r+2) >
1
κ0
(F (r)−1)− (ǫ0+2r+2) = K(2r).
Analogously, the number of b-periods on the top side g(q4,1) of Q0 ◦ Q1 is
at least K(2r). ✷
This claim and Lemma 4.1 imply
D−10 (ψ(D1)) ∈ CG(b
n). (5.2)
for some n ∈ N. We have
D−10 (ψ(D1)) = (D
−1
0 A0)(A
−1
0 ψ(D1))
= (D−10 A0)((ψ(A1))
−1ψ(D1))
= (D−10 A0)(A
−1
1 D1).
(5.3)
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Recall that A0 = xa
i and A1 = xa
i+1 for some i ∈ Z, and that D0 = yb
j0,
D1 = yb
j1 for some j0, j1 ∈ Z. Then, with the help of (5.2) and (5.3), we
obtain
(D−10 A0)(A
−1
1 D1) = b
−j0(y−1x)a−1(x−1y)bj1 ∈ CG(b
n).
This implies (y−1x)a(x−1y) ∈ CG(b
n). Since CG(b
n) lies in the virtually cyclic
group EG(b), we have |CG(b
n) : 〈b〉| <∞. Therefore there exist s, t ∈ Z \ {0}
such that (y−1x)at(x−1y) = bs. ✷
6. Proof of Theorem 1.4
We set τ = inj(G,X) and µ = µ(δ,κ0, ǫ0), where µ is the function from
Lemma 2.2 and κ0 and ǫ0 are the numbers from Corollary 2.12. Increasing µ,
we may assume that 2δ + 2µ ∈ N ∪ {0}. We show that in Theorem 1.4 one
can take the constant
C = F (2δ + 2µ) +
6µ+ 4δ
τ
+ 2,
where F is the function in (5.1). Let
f(r) =
2r
τ
+ C
and suppose that p is a subpath of L(x, a) which contains at least f(r) a-
periods and lies in the r-neighborhood of a finite subpath q of L(y, b). We
shall prove that (x−1y)bs(y−1x) = at for some s, t 6= 0.
Let A0, . . . , An be the consequent phase vertices of L(x, a) lying on p. By
assumption n > f(r). Let pk,n−k be the subpath of p from Ak to An−k, where
k =
⌊f(r)− F (2δ + 2µ)
2
⌋
=
⌊r + 3µ+ 2δ
τ
+ 1
⌋
. (6.1)
Then Theorem 1.4 follows from Lemma 5.1 applied to the subpath pk,n−k ⊂
L(x, a) and the following claim.
Claim. The path pk,n−k ⊂ L(x, a) satisfies the following properties.
1) pk,n−k contains at least F (2µ+ 2δ) a-periods.
2) pk,n−k lies in the (2µ+ 2δ)-neighborhood of the subpath q ⊂ L(y, b).
Proof. 1) Since p contains at least f(r) a-periods, the path pk,n−k contains
at least f(r)− 2k > F (2δ + 2µ) a-periods.
2) Let A ∈ pk,n−k be an arbitrary vertex. Note that A ∈ p. By Corollary 2.3,
it suffices to prove that d(p−, A) > r + 2δ + µ and d(p+, A) > r + 2δ + µ.
Because of symmetry, we prove only the first inequality. Let ˜[p−, A] be the
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part of the quasi-geodesic p from p− to A. Since A0, Ak ∈ ˜[p−, A], there exist
points A′0, A
′
k ∈ [p−, A] such that d(A0, A
′
0) 6 µ and d(Ak, A
′
k) 6 µ. Then
d(p−, A) > d(A
′
0, A
′
k) > d(A0, Ak)−2µ > |a
k|X −2µ > τk−2µ
(6.1)
> r+2δ+µ.
✷
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